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ABSTRACT

An alphabet ¥ is a collection of letters. A word W is a possibly empty list of
letters from an alphabet written horizontally, and we write ¥* for the set of all words
over the alphabet Y. A morphism is a mapping h : ¥* — A* where ¥ and A are
alphabets, such that for any words X, Y € ¥*, h(XY) = A(X)h(Y). An overlap is
the pattern cXcXc where c is a letter and X is a word that is possibly empty. We say
that a word is overlap-free provided there is no overlap in it. In this work we study
morphisms h that map overlap-free words to overlap-free words. Our main result is
the creation of a new condition sufficient to ensure that a morphism is overlap-free.

As a result, we provide a new class of overlap-free morphisms.
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CHAPTER 1

INTRODUCTION

1.1. HISTORY

The mathematical study of words dates back to the beginning of the 20" century
to the work of Axel Thue (Thue, 1906) and maybe even further back to the work of
M. E. Prouhet (Prouhet, 1851). Thue’s work appeared in a journal not usually read
by mathematicians, so it attracted little notice for almost a generation.

Thue’s work was primarily based on patterns in words and most notably that there
is an infinite word on two letters that avoids cubes. We quickly note that X XX is
a cube where X is some nonempty string of symbols, and a word W avoids cubes if
there is no subword X X X in W. A word that avoids cubes is called cube-free. Note
X X is a square and the definition of a square-free word follows in the same manner.
Along with the idea of square-freeness and cube-freeness, the idea of overlap-freeness
was studied by Thue. An overlap is the pattern ¢XcXc where ¢ is a letter and X is
a word with possibly zero letters. The standard example of a word that is an overlap
in its entirety is “alfalfa”. An overlap-free word is a word in which no overlap occurs
as a subword.

We know Thue’s infinite cube-free word as the Thue-Morse infinite word
01101001100101101001011001101001 ...

(Thue, 1912). The sequential definition is given as

to=20
t2n = tn
tont1 = tn,



where 0 =1 and 1 = 0.

Despite the underlying morphic characteristic to the Prouhet words, he was not
thinking of them with the idea of morphisms in mind. On the other hand, Thue
was. Although we will more rigorously define a morphism later, a morphism A is a
mapping that takes words as inputs which acts individually on letters and gives words
as outputs. That is, if h is a morphism, h(ab) = h(a)h(b) for two letters a,b. Every
morphism is completely determined by the words it assigns as images of the individual
letters of its domain alphabet. Thus, while the morphism itself is a function between
two infinite sets, it will have a finite description, at least when the domain alphabet
is finite.

For example, the morphism that generates the Thue-Morse infinite word is

(1) = 01, fort=20
A= 10, fort=1.

We can compute the n'" Thue-Morse word in the following manner,

(0) =01
#*(0) = u(01) = p(0)p(1) = 0110
12(0) = (0110) = 01101001

p"(0) = p(p"1(0)) = 01101001100101101001 . . . .

Because p(0) begins with 0 we see that p?(0) must begin with ©(0) and, more gener-
ally, that p"*1(0) must begin with ¢™(0). In this sense, the sequence 0, 14(0), u2(0), . . .
converges to an infinitely long word. We express this as lim,, .., z"(0) = p(0), where
1#(0) is the Thue-Morse infinite word. Further we note that there is an underlying
topology to the situation, but we will not discuss that here. A morphism is called
overlap-free if the image of every overlap-free word is itself overlap-free. Similarly, a

morphism is said to be cube-free (respectively square-free) provided the image of every



cube-free (square-free) word is itself cube-free (square-free). Thue (1912) noted that
1 is overlap-free. Hence, the Thue-Morse infinite word is overlap free, and therefore
alse cube-free.

From Thue’s creation of the idea of the morphism, the study of morphisms was
expanded at the 20" century progressed. Note that clearly the Thue-Morse morphism
does not map square-free words to square-free words. However, (Thue, 1906; 1912)
created square-free morphisms on the alphabet with 3 letters.

Using the definition, to determine whether a morphism is overlap-free (cube-free,
square-free) might require the examination of the image of each overlap-free (cube-
free, square-free) word. Since the set of overlap-free (cube-free, square-free) words is
infinite, it would be desirable to be able the replace this infinite set with one of its finite
subsets. Max Crochemore, Andrzej Ehrenfeucht, and Grzegorz Rozenberg in the early
80’s produced results that characterized when finite sets of input words (called test-
sets for square-freeness) that when tested with any morphism would display when the
morphism was square-free (Crochemore, 1982), (Ehrenfeucht and Rozenberg, 1982).

Jean Berstel and Patrice Séébold in 1993 showed that the Thue-Morse morphism
(along with it’s complement and powers of it) is the only overlap-free morphism on
the alphabet with two letters (Berstel and Séébold, 1993). They also found that
{01101001} is a test set for overlap-freeness in this context. In 2004 Gwenael Ri-
chomme and Francis Walzinski classified all of the overlap-free morphisms with a
result considering test-sets for overlap-freeness (Richomme and Wlazinski, 2004). Fur-
ther in 2007, we began exploring specific examples of morphisms that are overlap-free
in hopes of producing a better characterization of overlap-free morphisms (Tompkins,

2007). But we have made significant progress towards such a characterization.

1.2. THESIS OUTLINE

In Chapter 2 we recall the results of Jean Berstel and Patrice Séébold characteriz-

ing the Thue-Morse morphism as essentially the only overlap-free morphism (Berstel



and Séébold, 1993). The results of the chapter are a simpler proof of the characteriza-
tion of the overlap-free binary morphisms, as given in the Allouche and Shallit book
(Allouche and Shallit, 2003).

In Chapter 3 we discuss the characterization that Richomme and Wlazinski proved
about test-sets for overlap-free morphisms (Richomme and Wlazinski, 2004). Specif-
ically we concentrate on the test-set result for uniform morphisms. We note that
the Richomme and Wlazinski result in general is extremely interesting, but we only
concern ourself with the uniform morphism result.

In Chapter 4 we discuss previous results that we have proved (Tompkins, 2007).
We take the result about infinite overlap-free words and extend it to overlap-free mor-
phisms fairly easily. This is the first portion of the thesis giving a specific description
of overlap-free morphisms on the n-letter alphabet.

In Chapter 5 we consider the newest class of morphisms that we have proved to be
overlap-free. We examine the Pooh morphism which is a generalization of the Leech
square-free morphism (Leech, 1957). Not only do we generalize the Leech square-
free morphism to a class overlap-free morphisms, but we also generalize the Leech

square-free morphism to a considerable class of square-free morphisms.

1.3. PRELIMINARIES AND DEFINITIONS

We will use the standard definitions from the Lothaire book on combinatorics on
words for our definitions with a few additions (Lothaire, 2002).

We begin by defining an alphabet X to be a finite set of symbols from which we will
make words by concatenation (note, we will use capital Greek letters for alphabets).
Further, we define a word W to be a list of symbols from any alphabet > written
horizontally (we will use capital letters to denote words and lower case letters to
denote letters). We will denote the word with no letters, that is the empty word, by

E.



1.3.1. Words. The length (or number of letters) for a word W will be written
|W|. Note that we will use the same symbol to represent the size of a set or absolute
value. The difference will be clear based on context. Notice that |¢| = 0. Further we
will represent |W|, to represent the number of times the letter a occurs in W. Also
we will use |W|qpq to represent the number of times the word aba occurs in W. For
example if C' = abaababa, then we have |C|., = 3 along with |C| = 8.

A word U is a factor of a word V" if there exist two (possibly empty) words S and
T such that V =TUS. We will also say that U is a subword of V' (or V' contains U).
If T'= ¢, then we call U the prefix of V. Similarly, if S = ¢, then we call U the suffix
of V.

Let W be a word, and let 7,5 be integers such that 0 < i —1 < j < |[W]. We
denote W{i..j] to mean the subword of W that begins at the i*® letter of W and
ends with the j™ letter of W. That is, that there exists two words S, 7T such that
W = SW[i..j|T, where |S| =i —1 and |T| = |[W|— j. When i = j , we will denote
W (i..j] by W[i] which represents the i*® letter of the word W.

Let W =ay ...a,, with a; € ¥ and W # . We will define alph(W) to be the set
{a;: 1 <i < |W|}.

For any set of words X, we define Fact(X) = {U : U is a subword for some W €
X}

For some alphabet >, >* is the Kleene closure of our alphabet. That is, >* is all
of the possible words over the alphabet 3. Notice that ¥* is the free monoid over the

set Y.

1.3.2. Morphisms. A morphism h is a mapping from X* into A*, where X
and A are alphabets, such that h(WV) = h(W)h(V) for all words W,V € ¥* and
h(e) = e. Note that W and V could potentially be single letters. We note that if
X C ¥ (X represents a set of words) for some alphabet ¥, h(X) represents the set
of words {h(W) : W € X}. Further, we call h non-erasing if for all a € ¥, where ¥
is an alphabet, h(a) # .



Recall from earlier that the Thue-Morse morphism, p defined as

01, fort=0
u(t) :{

10, fort =1,

is a morphism defined on the alphabet with two letters. For convenience, we will call
the alphabet with n letters ¥,,. Infinite words are possible with such a morphism. We
have displayed the n'® Thue-Morse word as being 1"(0). We will use w to represent
the first infinite ordinal. So the Thue-Morse infinite word becomes

T = lim £"(0) = p*(0),

n—oo

as previously seen. Note that we will use bold capitol letters to represent infinite
words, with T here representing the Thue-Morse infinite word.

When discussing ¥y = {0, 1}, the two letter alphabet we will use 0 to denote the
complement of 0 (or 1 if we need that complement). That is 0 = 1 and 1 = 0. This
will become necessary in Chapter 2.

For some morphism A : ¥* — A* we will call A uniform if |h(a)| = n for some
integer n for all @ € ¥ (more exactly, in this case we will call h n-uniform). We will
call a morphism h : ¥* — A* square-free when h(W) is square-free if and only if
X € ¥* is square-free. Similarly, we will call h : ¥* — A* an overlap-free morphism

when h(W) is overlap-free if an only if W € 3* is overlap-free.



CHAPTER 2
THE BERSTEL - SEEBOLD THEOREM

Jean Berstel and Patrice Séébold proved that a morphism A over the two-letter
alphabet ¥y = {0, 1} is overlap-free if and only if the word ~(01101001) is overlap-free
(Berstel and Séébold, 1993). Further Berstel and Séébold proved that the only binary
overlap-free morphism is the Thue-Morse morphism or it’s complement or any power

of the two.

2.1. PRELIMINARIES

We know from earlier that the Thue-Morse morphism is

(1) = 01, fort=20
= 10, fort=1.

We will also use the notation introduced earlier that 0 = 1 and 1 = 0. Further, for

n > 0 we will define the following
U, = u1"(0), and 'V, = pu"(1).

For example, we see that

Uy=0 Ww=1

U, =01 Vi =10

U, = 0110 Vo = 1001

Us = 01101001 V3 = 10010110.



If we define the morphism E to be

E0)=1 and E(1) =0,

then it becomes clear that U, 11 = U, V,, Viip1 = V,Up, U, = E(V,), and V,, = E(U,,).
We can extend the morphism p to infinite words as displayed earlier, and the two

fixed points become

T = 1#(0) = 01101001100101101001011001101001 . .. = u(T)
E(T) = p#(1) = 10010110011010010110100110010110 . . . = u(E(T)).

DEFINITION 2.1. A morphic infinite word X with generating morphism h : ¥X* —
A* is a word such that there is some integer m > 0 and letter ¢ € ¥ so that

X = lim (A"™"(t)).

n—oo

Clearly we see that X = A" (X) and m must be bounded by |X].
Later, Theorem 4.3 shows us that u is an overlap-free morphism. So this further
tells us that T is an overlap-free infinite word, which an original result of Axel Thue

(Thue, 1912).

2.2. LEMMAS

For the proof of the theorem that any morphism on the two letter alphabet h is
overlap-free if and only if 2(01101001) is an overlap-free word, we will use the following
lemmas. Furthermore we will need this first lemma for establishing the relationship
between the Thue-Morse morphsim p and the arbitrary morphism on two letters h.

We first notice two easy results:

REMARK 2.2. Let U € 5. There exists some V' € X% such that U = (V) if and
only if U € {01, 10},



REMARK 2.3. Let X,Y € 5. If XY € {01,10}* and |X]| is even then Y €
(01,10},

We note that the results in the Allouche and Shallit book on automatic sequences
(Allouche and Shallit, 2003) gives a slightly better presentation of the Berstel and
Séébold paper (Berstel and Séébold, 1993). We will proceed in the same manner as

Allouche and Shallit. We begin with some of the lemmas needed for our result.

LEMMA 2.4. Suppose Y € X3, and a € Xy. If the word aaaY s overlap-free, then

at least one of the following holds:

(a) Y begins with aa;
(b) Y] <3;

(c) Y begins with aaaa.

PrOOF. If Y begins with aa or if |Y| < 3, then we are done. So we assume that
Y| > 4 and that Y does not begin with aa.

Y cannot begin with a because if it did, then we would have that aaa} = aaaa()
for some ). We assumed that aaaY has no overlap, so Y must begin with a. Also
we assumed that Y does not begin with aa, so let Y = aaZ for some Z € X3 such
that |Z| > 2.

We now want to consider what would happen if Z were to begin with a. So we

assume that Z begins with a, then there is some W such that || > 1 such that
aaaY = aaaaaaWV.

If W begins with either a or a then we have a problem with aaa begin overlap- free.
Thus we must have that Z begins with an a as opposed to a.

So we assume that Z = aW for some W such that |IW| > 1. Then, we see that

aaaY = aaaaaaWV.



So the only possibility is that W begins with an a. Thus Y begins with aaaa, and
OJ

we are done.

LEMMA 2.5. If Y)Y’ € X%, and if there exist ¢,d € ¥y such that U = cu(Y) =

w(Y")d, then U = c(cc)Y!.

PROOF. It is clear that |Y| = |Y’|. So we set

Y:alaQ...an
Y' =biby...b,.

Now we examine the equality cu(Y') = pu(Y”)d, which follows as

C1T1a903 . . . Anly = b1b1boby . . . bybyd.

Thus, it is clear that

C:bl
a) = b_l =c
by=a; =c
a9 = b_g =c
by =a;_1=c
ay = b_l =c
a; = d.
Thus we must have that ¢ = d and further that U = c(ec)/¥l. O

LEMMA 2.6. LetY,Z € X%, and let n(Y) = ZZ. Then there must be some X € X3

such that u(X) = Z.

10



PROOF. Begin by supposing that pu(Y) = ZZ. If |Z] = 0 (mod 2) then we are
done because |u(Y)| = 0 (mod 4), and so |Y| is even. Then we can set Z = p(WW)
where W is the first half of Y.

Now we want to show that it is impossible for |Z| to be odd. So assume for a

contradiction that |Z]| is odd. Let U,V € ¥} and a,b € 33 be such that
Z =aU =Vb.
Because |Z] is odd, it is clear that |U| and |V| are even. Now we have that
wY)=27Z=Vbal.
Thus, we must have some R, S € 35 so that U = pu(R) and V = u(S). Notice that
27 = p(S)bap(R)

and b = a. But we have that Z = au(R) = u(S)b, so by Lemma 2.5 we must have
that Z = a(aa)®!. If this is true, then the last letter of Z must be a, but the last

letter is b = a. So we have our contradiction, and we are done 0]

LEMMA 2.7. Let W € X5 and let X € ¥%. Then

(a) W contains an overlap if and only if (W) contains an overlap.

(b) X contains an overlap if and only if 1(X) contains an overlap.

This result is established by p being Latin square morphism which is proven to
be overlap-free in Theorem 4.3. We can use this lemma to prove the “factorization”

result below.

LEMMA 2.8.

(a) If X € X% is overlap-free, then there exists U, V.Y with U,V € {¢,0, 1,00, 11}

and Y € 3% an overlap-free word, such that X = Up(Y')V. Furthermore this

11



factorization is unique if | X| > 7 and U (or V') is completely determined by
the prefix (or suffix) of length 7 of X (Note: the bound 7 is the best possible).

(b) If X € X¥ is an infinite overlap-free word, then there ezists a word U in
{€,0,1,00,11} and an infinite overlap-free word Y € ¥4 such that X =
U(Y'). The prefiz is completely determined by the prefix of X of length 4,
except if X begins with 0100 or 1011, in which case the word U is completely
determined by the prefix of X of length 5.

PROOF.

(a) We begin by noticing that if our decomposition exists then we must have that Y
is overlap-free by Lemma 2.7. We will begin by showing that the factorization exists,
and we will proceed by induction on | X|.

The base case | X| =k < 2 is clear. So our inductive hypothesis becomes assume
that we can apply our factorization for all X such that |X| < k, and we want to show
it possible for | X| = k.

Thus we begin our induction step. Let X be overlap-free with | X| > 3. Further
we want to assume that X begins with the letter a € X5, so let X = a7, with
Z € 3%, Because of the induction hypothesis, we have that Z = Uu(Y)V for U,V €

{€,0,1,00,11}. Now we approach all of the possibilities for U.

(i) If U = € or if U = a, then we must have that X = au(Y)V or X = aau(Y)V
and we are done.
(i) If U = a then we see that X = aau(Y)V. Thus, X = p(aY)V.
(iii) If U = aa, we have a problem because then X = aaau(Y)V which contains an
overlap. So U # aa.
(iv) If U = aa then we have that X = aaap(Y)V, and we have three possibilities:
1. If |Y| = 0 then we have that X = aaaV. Thus, we must have that V €

{e,a,aa}. So our possible configurations for X follow as

12



2. If |Y| = 1, then we must have Y = a. So we have
X = aaaaaV.

The possibilities for V' yield the following results

(a) V = ¢ implies that X = u(aa)a.

(b) V = a implies that X = p(aaa).

(c) V = a implies that X = u(aa)aa.

(d) V = aa implies that X = p(aaa)a.

(e) V = aa implies that the overlap aaa occurs in X, which is impossible.

3. If |Y] > 2, then we have that |x(Y)| > 4. Now Y cannot begin with aa
because then we would have an overlap. So, by Lemma 2.4 p(Y') must begin

with aaaa which is impossible because aaaa cannot be the image of p.

We will now show that the factorization of X is unique provided that | X| > 7.

Let X be overlap- free with | X| > 7, and suppose that
X = Up(Y)V = Un(Y)V", 1)

with Y)Y’ € 3% overlap-free and U, U’,V, V' € {£,0,1,00,11}. Notice that |X| > 7
implies that |V, |Y’| > 2 because |u(Y)], |pu(Y")| > 3. Again we approach all of the
possibilities for U.

(i) If [U| = |U'|, then we have U = U’. Thus, pu(Y)V = u(Y’)V’', and further we
have |V| = |V’| (mod 2).

1. If |[V| = |V’'| we are done because V = V' and p(Y) = u(Y’) gives that
Yy =Y.

13



2. If |[V| # |V'|, then we have that |V| = 2 and |V’| = 0 (or vice versa). So
without loss of generality assume that u(Y)V = u(Y’). In this case either
V =00 or V =11, and V must then be the suffix of u(Y”). Thus, we must
have that V' = p(0) or V' = u(1) which is impossible.

(ii) Set |U| # |U'|, and without loss of generality we can assume that |U’| < |U].
So, U’ is a prefix of U. Now we can pick W such that U = U'W with W # . By
equating the letters in equation (1) we see that Wu(Y)V = u(Y")V’'. With W being
a prefix of u(Y”) it is clear that W # 00 or W # 11. Thus, W = b € %5, and we have
that bu(Y)V = p(Y")V'. This implies that |V| #Z |V’ (mod 2), and it is obvious that
Y] #[Y'|.

L If |[V| < |V'] then V' = ZV for some Z # e. So au(Y) = u(Y’)Z. Notice
that |Z| must be odd so Z = b € ¥5. Now we have that au(Y) = u(Y')b
which is not possible by Lemma 2.5 because au(Y) = a(aa)¥! and |Y] > 2
yielding an overlap.

2. If |V'| < |V], then we can set V = ZV' for some Z # . Thus, we have
ap(Y)Z = u(Y'), and it is clear that |Z] is odd so Z = b € 3,. Notice
that au(Y)b = u(Y’) and further that p(Y’) must begin with a. So, we set
Y = aT with T # ¢ because we know |Y| > 2. we see that u(Y)b = au(T).

This is not possible because of Lemma 2.5 along with |Y| > 2 as above.

In this factorization of X, U (or V) depends on the prefix (or suffix) of length
7 only. Table 2.1 shows all possibilities for prefixes (or suffixes). By inspection we
see that U (or V) is uniquely determined assuming that the factorization exists. We
also note that some words (for instance 1100100) cannot be extended to overlap-free
words.

Also, we note that the bound 7 is best possible because if we consider the word
X = 001011, then we could have X = 00u(1)11 or we could have X = 0p(00)1.

(b) We will now consider X, the infinite word, and it’s factorization. So let X,

be any prefix of X (with |X,,| = n). Then part (a) of our lemma gives that there is

14



TABLE 2.1. Prefixes of length 7

X U X U X U X U
ootoo1ir--- 00 o0100110--- O 1001011--- ¢ 1011010--- 1
0010110--- 0 0101100--- ¢ 1001100--- e 1100100--- 1
oo1ioor--- 0 o0101101--- ¢ 1001101--- e 1100101--- 1
0011010--- 0 0110010--- ¢ 1010010--- e 1100110--- 1
0oo11o1t--- 0 o0O110011--- ¢ 1010011--- ¢ 1101001--- 1
0100101--- 0 0110100--- e 1011001--- 1 1101100--- 11

X V X V X V X V
---0010011 1 ---0100110 ¢ ---1001011 1 ---1011010 ¢
---0010110 ¢ ---0101100 O ---1001100 O ---1100100 00
---0011001 ¢ --.-0101101 1 ---1001101 1 ---1100101 ¢
---0011010 ¢ ---0110010 O ---1010010 O ---1100110 e
---go011011 11 ~---0110011 1 ---1010011 1 ---1101001 ¢

--0100101 ¢ ---0110100 O ---1011001 e ---1101100 O

some U,,V,, € {¢,0,1,00,11} and Y,, € ¥ that is overlap-free such that
Xn == nPJ(Yn)Vn'

Plus, we see that U, does not depend on n for n > 7. So we set U = U;. Then we
have that
X = lim X,, = lim Up(Y,)V,.

n—oo n—oo

Now because we have |u(Y,,)| — oo as n — oo, then we see that

X = lim Up(Y,).

n—oo

Because lim p(Y;,) exists, we can set Y = lim p(Y;,). Further we see that the sequence

is overlap-free because it is the limit of overlap-free words. So we see that
X = u(Y).

Finally we set X,, = U,u(Y;,)V,. Because V,, € {¢,0, 1,00, 11}, we must have that
V.| < 2. So if we consider some k € N large, then u(Y,)V, is a prefix of p(Y%).
Because |u(Y},)] is even, we see that V,, is the prefix for some image of . So because

w(T,) =V, for some word T,, € X3, it follows that V;, # 00 and V,, # 11.
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Thus we see that V,, = ¢,0, 1. Lastly, looking at Table 2.1 we see that the prefix
of length 4 of a 7-letter word determines the the word U in all cases except when the

word begins with 0010 or 1101, when we need to consider a prefix of length 5. U

LEMMA 2.9. Let W € X% be an overlap-free word with |W| > 52. Then W contains
p3(0) = 01101001 and p3(1) = 10010110 as subwords.

PROOF. Let W € X3 be overlap-free. Lemma 2.8 gives that
W = Au(W')B, 2)

with |[WW'] <24, and it is clear that W' is overlap free. Again by Lemma 2.8 and W’
overlap-free we see that

W' = Cu(W")D, (3)

where W is overlap-free and |IW"”| < 10. Lastly, we use Lemma 2.8 to write
W"=Gu(Y)H, (4)

with Y overlap-free and |Y| > 3. By putting equations (2), (3), and (4) together we
obtain,

W = Au(C)p*(G)p*(Y)u* (H) (D) B,
where A, B,C,D,G, H € {¢,0,1,00,11} and Y is overlap-free with |Y| > 3, as stip-
ulated. Because Y is overlap-free, it must contain both a 0 and a 1. Thus, p?(Y)

contains both 13(0) and p?(1) which means that by default W contains these subwords

as well. ]

2.3. MAIN THEOREM OF BERSTEL AND SEEBOLD AND COROLLARIES

THEOREM 2.10. Let p be the morphism defined by u(0) = 01 and u(l) = 10.
Let E be the morphism defined by E(0) = 1 and E(1) = 0. Let h : X5 — X5 be a

nonerasing morphism. If the image by h of any overlap-free binary word of length 3 is
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overlap-free, then there exists an integer k > 0 such that either h = p* or h = Eo k.

PROOF. Let h(0) = U and h(1) =V, where |U|,|V| > 1. Our proof will proceed
by induction on |U| + |V].

We will first notice some unavoidable facts about U and V. For instance, if U
and V were to begin with the same letter, then we would have an overlap in the word
h(001). Further, if U and V were to end with the same letter, then h(100) would
contain an overlap. Clearly if h maps some 3-letter word to an overlap we have a

problem, so we set

U=a...=...b

V=a..=...b

We want to show now that neither U nor V' can begin with 00 or 11. So assume

that U = aa . ... Then, we see that

UU =...baa...

VU =...baa....

This becomes a problem because either UU or VU contains an overlap and they
are subwords of h(001) = UUV and h(100) = VUU respectively. Thus we see that
neither U nor V' can begin with a square.

Now we begin our induction. For the base case we consider |U|+ |V] = 2. Clearly
in this case |U| = |V| = 1 because otherwise our morphism is erasing. It is easy to
see that now h = pu® or h = E o u°.

For the induction we assume that the theorem is true for all U and V' with |U| +
V| < j, and we show that it is further true for |U| 4+ |V| = j. So suppose that
|U| > 2. For this to be true we must also have |V| > 2 because if |V| = 1, then we

can set V = b yielding U = bb...bb. This formulation yields a contradiction because
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then h(010) contains the overlap bbbbb. Similarly we can show that if [V/| > 2, then
we must also have |U| > 2. So we assume that |U|, |V| > 2.

Now, set

I
=)
S
I
o
SH

U
v

I
l
)

I
=
S

We want to show that U = p(W) for some W € X%, and we will proceed with cases
here.

If |U| = 2, then U = aa = bb = yu(a).

If |U| = 3, then @ = b so a = b. Now we have that U = ada, and V = ...aa. This
yields a contradiction because h(100) contains the overlap aaaaa as a subword.

If |U| = 4, then U = aabb = pu(ab).

If |U| > 5, then we have U = aaZbb for some Z € ¥} with |Z| > 1. So we have

VUV = ...bbaaZbbaa. ...

Now we must consider two cases b = a and b = a.

(i) If b = a, then we have VUV = ...aa aaZaa aa. ... Noting that |Z] > 1 we
see that Z cannot begin with a otherwise we would have an overlap. So we

set Z = a1 for some T' € ¥3. Then, we have
VUV =...aa aaaTaa aa. . ..

Clearly T' # ¢ because otherwise we would have aaa as a subword of U which
is impossible. Further 7" cannot end in a so pick X € 33 so that T' = Xa.

Now, we have
VUV =...aa aaaXaaa aa . . ..
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Notice h(101) = VUV which must be overlap-free. Applying Lemma 2.8
gives us that aaaXaaa = p(Y;) for some V) € ¥, or more specifically U =
p(Y1).

(ii) Assume that b = a. Then VUV = ... aaaaZaaaa . .. for some Z € ¥5. Again

we apply Lemma 2.8, and we see that’
aaaaZaaaa = p(Ys),

for some Y; € ¥5. Notice that Y5 begins and ends with a. Set Y, = aYsa for

some Y3 € 5. Then
U =aaZaa = p(Y3).

Note that the same logic shows that V' is the image of y for some word in 3.
Notice now that there must be two words U’, V' € X3 so that U = u(U’) and
V = pu(V'). Consider the morphism A’ such that A'(0) = U’ and A/(1) = V', then
clearly h = po B/, and any image of any overlap-free word of length 3 under A’ must
also be overlap-free by Lemma 2.7. Finally, we see that |U’| < |U] and |V'| < |V, so

the inductive hypothesis tells us that
W=y or W=Foyu.

So the result is clear from here, and we are done. O

COROLLARY 2.11. Using the same notation as in the theorem, let h be a morphism

on the alphabet such that u(01) # €. Then the following are equivalent.

(a) The morphism h is nonerasing and maps any overlap-free word of length 3
to an overlap- free word.

(b) There exists k > 0 such that h = u* or h = E o pF.

(¢) The morphism h maps any infinite overlap-free word to an infinite overlap-

free word.
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(d) There exists an infinite overlap-free word whose image under h is overlap-
free.

(e) The morphism h maps the word 01101001 to an overlap-free word.

PRrROOF. (a) = (b) is proved in Theorem 2.10 above.

(b) = (c) is easily seen from Lemma 2.7.

(c) = (d) is clear from knowing that there must be an infinite overlap-free word,
and both Theorem 4.3 and Lemma 2.7 give this result.

(d) = (e) The hypothesis gives the existence of an infinite overlap-free word X
whose image under h is overlap-free. Lemma 2.9 shows that clearly 01101001 is a
subword of X, and thus ~(01101001) is also overlap-free.

(e) = (a) Suppose that h(0) = ¢, then because h(01) # €, we know that h(1) # .
So it is clear that ~A(01101001) = h(1)h(1)h(1)h(1) must contain an overlap, which is
a contradiction. Similarly, h(1) # €, so we can assume that h is nonerasing. But every

overlap-free word of length 3 in ¥} is a subword of 01101001, so we are done. O

COROLLARY 2.12. An infinite overlap-free binary word is a fixed point of a non-
identity morphism if and only if it is equal to T, the Thue-Morse word, or its com-

plement T.

PROOF. Let h be a morphism on X5 such that A is not the identity, and let X be
a fixed point of h that is overlap-free. From Corollary 2.11 it is clear that because
h is mapping an infinite overlap-free word to another infinite overlap-free word that
h = p¥ or h = E o u* for some k > 0. Because h has a fixed point we see that
h # E o u*, and further h is not the identity morphism so & > 1. Because T, the
Thue-Morse sequence, and its complement T are the only fixed points of i, then we

are done. 0
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CHAPTER 3
TEST-SETS FOR THE OVERLAP-FREENESS OF
MORPHISMS

In 2004 Richomme and Wlazinski proved a result that classified all overlap-free
morphisms using the notion of test-sets (Richomme and Wlazinski, 2004). This con-
cept of a test-set was addressed in the last chapter. For example the test-set for an
overlap-free morphism over the alphabet X is the set of all of the binary words of
length 3. That is, to tell if a morphism A over the alphabet ¥, is overlap-free, we
take all W € ¥ such that |IW| = 2 and we check if h(W) is overlap-free. If h(WW) is
overlap-free, then we know that h is an overlap-free morphism. So we define what a

test-set is in general.

DEFINITION 3.1. Let ¥ and A be alphabets. A set T' (C ¥*) is a test-set for
overlap-freenes of morphisms from * to A* if for each morphism f : ¥X* — A* f is

overlap-free if and only if f(W) is overlap-free for all words W € T.

We first observe the theorem that Richomme and Wlazinski proved about overlap-

free morphisms in general.

THE RICHOMME AND WLAZINSKI TEST-SET THEOREM. Given alphabets ¥ and A
with 3 < |X] < |Al, there is no finite test-set for overlap-freeness of morphisms from
¥ to A*.

This result seems reasonable because of a similar result was explored by Ehren-
feucht and Rozenberg concerning square-free morphisms (Ehrenfeucht and Rozenberg,
1982), which took Max Crochemore’s paper (Crochemore, 1982) and added the notion

of test sets. The Ehrenfeucht and Rozenberg result states that
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THE EHRENFEUCHT AND ROZENBERG TEST-SET THEOREM. Given alphabets 3
and A with |X| > 3 or |A| > 2, then there is no finite test set for square-freeness of

morphisms from ¥* to A*.

On the other hand a much more striking result is seen in (Richomme and Wlazin-
ski, 2004) concerning uniform morphisms. Let ¥ be an alphabet, we define the

following sets

Ti(X) = {aWoz|z € B, Wy € ¥, Va € I, [aWy|, < 1},
x,y,z € X, Wi, Wy € ¥
T5(%) = § 2WiyWez | Va € B, [WiyWal, < 1, ) (5)

|W1’ = |W2’ > 1, |yW2‘w = |le|z =0

T(¥) = T1(%) UTx(X).

(Note that “Va € X,|xWp|, < 1”7 means that the letters occurring in W, are all
distinct and different from x). The assertion now is that 7'(X) is a finite test set for

any morphism h : ¥* — A* such that |h(a)| is the same for all a € X.

3.1. LEMMAS

We begin with the lemmas necessary to establish the Richomme and Wlazinski

theorem.

LEMMA 3.2. Let f be a morphsism such that each image word of f begins and
ends with a different letter. Let Wy, Wy, W3, Vi, Vo, V3 be words and a be a letter
such that f(Wy) = VoaVy, f(Ws) = VaaVy, and f(W3) = VaaVs. The word WiWoWs

15 not overlap-free.

PRrROOF. Let T be the longest common suffix of Wy and Ws. Let P, T, be words
such that Wy = PT, Wy = TyT. Since none of the image words f end or begin with the
same letter we have that |f(T)| > |aVi|. Let P’ be the word such that f(T) = P'aVj.
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We have that Vo f(P)P’, and Vo = f(Ty)P'. Thus, f(ToT) = f(W2) = f(To)PaV;
and f(W3) = f(Ty)P'aVs. Since none of the image words of f begin or end with
the same letter there exists a non-empty word 7 such that Ty77 is a common prefix
of Wy and W3. Let Ty be such that T" = TiT,. The word WW,W3 begins with
PTVTYTy T 15T T, and so it contains an overlap. O

LEMMA 3.3. Given an alphabet 2 with |%| > 3, then the set T(X) contains all

overlap-free words over ¥ of length at most 3 as factors.

PROOF. It is clear that any overlap-free word of length 3 is a factor of aab, bee,
aba, or abc with a, b, ¢ being three distinct letters. The words aab and bce are factors

of the word aabce in T5(X). The word aba is a word in T3 (X). O

LEMMA 3.4. Let ¥ and A be alphabets such that 3 < |X| < |A|. For any different
letters a,b € X2, then word aba must be a factor of any test-set for overlap-freeness of

morphisms from ¥* to A*.

Proor. Without loss of generality we can assume that > C A. Let a,b,c € ¥ be

three distinct letters. Now define the morphism f : ¥* — A* to be

f(a) = acbabea
f(b) = bacbcab

f(d) = dbbabbd for all letters d € X\ {a,b}.

To restate the lemma, we want to prove that this morphism verifies for any overlap-
free word W over ¥ that f(W) contains an overlap if and only if aba is a factor of
w.

We begin by observing that f(aba) = (acba)b(cabac)b(cabac)b(abca).

Let W € ¥* be overlap-free such that f(W) is not overlap-free. Let a be a
letter and P,V, S be words such that f(W) = PaVaVaS. We now must prove that
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aba is a factor of W. Without loss of generality assume that |Pa| < |f(W]1])| and
laS| < f(W]|W]]). Particularly we will show that W = aba.

Assume that |W|; # 0 for some d € ¥\ {a,b, c}. The hypothesis on |Pa| and on
|aS|, we see that |[aVaVal; > 1 and so |aV]; # 0. Now, let Vi, V5 be words such that
aV = VidV,. Clearly we have that VoV # € so aVaVa # ddd. So by the definition
of f we see that |VaV;| > 5. So we either need that [V3| > 2 or [V4] > 2. If V5] > 2
and V5 starts with bb, then there exists words Wi, W, W3 such that f(W;) = pVi,
f(Wy) = dVaVy, f(W3) = dVaaS, and W = WiWoWs. If |Vi] # €, a is the first letter
of V; and we get a contradiction by Lemma 3.2 with W being overlap-free. If V| = ¢,
then a = d, W5 begins with d, and because the image words of f begin and end
with different letters, then W3 starts with Wsd and again we have a contradiction
with W begin overlap-free. If [V3| > 2 and V, does not begin with bb, then there
exist words Wy, Wy, W3 such that f(Wy) = PVid, f(Ws) = WWid, f(W3) = VaalS,
and W = W;WyW;3. Since the first letter of Vid is a by Lemma 3.2, we have a
contradiction with W being overlap-free. The case |V;| > 2, considering the two last
letters of V; leads to the same contradiction.

So we see that W € {a,b,c}*.

Now, by the definition of f for any letters x,y,z € {a,b,c}, f(x) cannot be an
internal factor of f(yz) (that is f(yz) = 01f(x)d2 with 01 # €, o # ).

Assume that there exists an integer ¢ with 1 < ¢ < |W/|, and two words V;, V5 such
that f(W/[1..i]) = PaVy, V = Vi f(W]i + 1])Va, and f(W][i + 2..|]W|]) = VaaVaS. In
this case, we have f(W[i+2..|W|]) = VaaV; f(W[i+1])V5aS. From the last paragraph
the must be some integer j so that i+2 < j < |[W]|, such that f(W[i+2..j]) = VaaVA,
fWj+1]) = f(W[i+1]), f(W[j+2..|W]]) = VaaS. Let Wy, Wa, W3, Vs be the words
such that Wy = W1..i], Wy = W[i+1..5], Wy = W[j+1.|W|], Vo = f(W[i4+1])Vs. We
have f(Wy) = PaVy, f(Ws) = Vaaly, f(W3) =VhaS. By Lemma 3.2, W = W, W)W

is not overlap-free which is a contradiction.
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A similar contradiction arises if there is some integer i and words V4, V5 such that
JW[1l.d]) = PaVaVy, V. =V f(W]i + 1])Va, and f(W[i + 2..|W]) = VaaS.

From |Pa| < |f(W]1])| and |aS]| < |f(W[|W]]), it follows that |[W| < 3 (otherwise
one of the two previous contradictory situations holds). An exhaustive verification

shows that we must have W = aba. [l

LEMMA 3.5. Let p > 1 be an integer, X2 be an alphabet containing at least 2p+2 let-
ters, and A an alphabet with |X| < |A|. Given any letterscy, ..., cp,dy, ... dp, 3,7 € X
which are distinct, and any letters x € {c1,...,¢p, 7}, andy € {dy,...,d,}, then word
xey - - cpfdy - - - dpy must be a factor of any test-set for overlap-freeness of morphisms

from ¥* to A*

PROOF. Similarly to Lemma 3.4 because || < |A| we can assume without loss
of generality that ¥ C A.
Let p, ¥, c1,...,¢p,di, ..., dp, 3,7, 2,y be as the hypothesis of the lemma describes.

Now, we want to consider the morphism f : ¥* — A* as defined by
flei))=cidisidi Be; B B¢ foralll <i<p,
f(dl) = dl ﬁ C; ﬁ B C; Cit1 dl for all 1 S ) S D,
f(v) =~ Bdi Ber BB, (6)
fB)=BdyyBBxcp,
fla)=adidicrdicicaa forallae X\ A{cy,...,¢cp0,d1,....dy, 7}
Now to restate the lemma, we need to prove that this morphism verifies for any
overlap-free word W € ¥* that f(W) contains an overlap if and only if W contains
xey - cpfdy - - - dpy as a factor.

Observe first that 56z f(cy - - - ¢,)Bd,yl = BBxciBf(dy - - - dy)yB. Thus we see that

f(xer -+ ¢pfdy - - - dyy) contains an overlap.
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Conversely, let W be an overlap-free word over ¥ such that f(7/) contains an
overlap and let n = |IWW|. There exists some words Py, V, S, and a letter o such that
f(W) = PlaVaVas,. We must now prove that zc;---c,0d; ---d,y is a factor of
W. Without loss of generality, we can assume that |Pia| < |f(W]1])| and |aS,| <

|f(W(n])|. In this particular case we show that W = zc; - - - ¢,8d; - - - dpy.

Cram. alph(W) C {ey,...,¢p,dy,y ... dy, 8,7}

PrRoOOF OF THE CLAIM. If the claim is not true, then there must be some letter
acX\{c,...,cpdy,...,dy, 3,7} that occurs in aV. Let Vi, V4 be two words such
that oV = ViaV,. Notice that f(W) = PViaVaVialhaS,, and also observe that
aaa cannot occur in f(W). So we see that V1V, # ¢, and consequently we see that
|VaVi| > 6. This implies |Vi]| > 2 or |Va| > 2.

If |Vi| > 2 and V; ends with ¢jeq, then there exists three words Wy, Wy, W3 such
that f(Wy) = PiVia, f(We) = WWWia, f(W3) = VhalS,, and W = W W,W3. By
Lemma 3.2, we get a contradiction with W being overlap-free.

If |V1] > 2 and V; does not end with c¢;c, then there exist three words Wy, Wy, W3
such that f(Wy) = PVi, f(Wy) = aVLVy, f(W3) = aVhasS,, and W = W, W,oWs.
In the case when V; = ¢, then o = a. By the definition of f given in equation (6),
Wy starts with @ and Wha is a prefix of W3. So W is not overlap- free, which is a
contradiction. If V} # e, we get the same contradiction by Lemma 3.2.

In the case |V5| > 2, looking at the beginning of V5, we arrive at the same contra-

diction. This finishes our claim. [l

Note that for all letters a,b € X, f(ab) must be overlap-free. It follows that
|PiaVal > |f(W[1])], and |aVaS,| > |f(W]n])|. So, there exists an integer ¢ with
1 <i < n and two words P; and S; such that f(W]i]) = P,aS; and

V=8 f(W[2.i —1))P; = Sif(W]i+ L.n— 1])P,. (7)
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If |Si] = |Si|, then S; = S;. Taking Wy, = W[1], Vo = P, Vi = S, Wy =
W(2.i— 1], Vo = f(W[2.il])P, = f(W[i + 1.n — 1])Ps, W3 = W[i + 1.1, and
V3 =S, Lemma 3.2 shows that W contains an overlap, which is a contradiction.

Thus we know that |S1| # |S;| and, since f is uniform, this implies that | P;| # |P,|.
This also implies that for any k£ and [ with 1 < k£ < 71—-1 <[ < n —1, that
[S1fW[2.E])| # [Sif (Wi + 1.0])].

We begin by considering the case when n = 3, that is i = 2, W[2..i — 1] = ¢ and
Wi+ 1l.n—1] =e. If |S1]| > |Si|, then equation (7) gives that there is a non-empty
word Z such that Sy = S;Z, P, = ZP;. This is impossible since there are no values
of P, a, S;, or Z such that P,aS; € f(X), Z # ¢, ZP,« a prefix of f(X), and aS;Z
a suffix of f(X). If |Si| < |Si|, let Z be the non-empty word such that S; = 5,7,
and P, = ZP,. Since Z is both a prefix and a suffix of f(W7]i]), the word Z must
be a letter. This is again impossible since there are no values of Z, P,, Sy such that
ZP,a5 7 € f(¥), P,a a prefix of f(X), and a5y a suffix of f(3).

From now on , n > 3, and so W[2..i — 1] #ecor Wi+ 1.n — 1] #e.

Assume first that |S;] < |5;]. In this case W[2..i — 1] # ¢ (in particular i > 3).
Indeed if Wi + 1.n — 1] # &, from equation (7) we get that |f(W[2..i — 1)] >
|fW1i+1.n — 1])| > 8. Further because |P;| < 7, we see that W[2..i — 1] # «.

From equation (7), there must be two non-empty words P, and S, such that

S,‘ == SlPQ, f(W[Q]) == 7)282, and
Sof(W[3..i —1))P, = f(W[i + 1.n — 1])P,. (8)

Observe that P,Sy € f(X), P, is a non-empty suffix of f(X), and S, is a non-
empty prefix of f(X). By the definition of f in equation (6), there exists an integer j
with 1 < j < p such that (P2, So, W[2]) = (d;8¢;806¢;, ¢js1d;, dj) or (Pa, S2, W[2]) =
(c;dj—1, djfBciBBcj, cj). We now consider both of these cases.

Case (Pa, Sz, W[2]) = (d;B¢c;88¢;, cj1d;, d;). The last letter of S; is ¢; the last

letter of P,. , and the first letter of f(W/[i + 1]) is ¢;41 which is the first letter of
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Sy (note that this is even true if i + 1 = n). By the definition of f we can see that
Wi = ¢; and Wi+ 1] = ¢;j41. Let d,q = y since Py is a prefix of f(W[i]), since
P,a is a prefix of f(W([n]), and since f(W i+ 1] starts with ¢;d;d;4;. From equation
(8) we deduce that f(WW[3]) starts with d;4; (evenif i = 3 or i+1 = n). Consequently
W3] = dja.

If i > 3, then n > i+1. We cannot have j+1 = p. Indeed otherwise Sy f(W3]) be-
gins with Sy 3 which is not a prefix of f(W7[i]), a contradiction. Consequently, there
exist two words Ps, S5 such that (Ps, Ss, W[3]) = (d;j:0¢j1180¢j11, ¢jradjrr, dji1).

By induction, we can state that W([2..i] = d; - - - djpi—o, W[i.20 = 2] = ¢j - - ¢jpio
with j +¢ <p+1 (and 2i —2 < n). Since we cannot have d;;_5 = ¢;, this case is
impossible.

Case (P2, Sz, W2]) = (¢;dj_1, djBcifB0cj, ¢;). Similarly to the previous case, we
can state that W[2..i] = ¢; - - - ¢j i, W(i.2i=2] = dj_1 - - - djpi_3 With j+i—2 < p+1
(and 21 — 2 < n. The only possibility to have ¢;4;,—o = d;_; is that j = 1 and
J+1—2=p+ 1. More simply we have j = 1 and ¢« = p + 2. In this condition
Wi2.p+1l=c-c,, Wp+2] = and Wp+3.2p+2] =d; - - - dp. The last letter
of f(W]1]) is W[1] by the definition of f. It is also the last letter of a.S;. From
aS; = aSi1Ps, Py = 18, Wi] = 8, we deduce that W[1] = z. From equation (7) and
aS; = aS1Py = aSic1 3, we get that n = 2p + 3 and P; = 3d,P,«. By the definition
of f we must have o = (3, S} = z, and P, = y which implies that W(n| = y. Thus,
W =aci--cpfdy - dyy

To end this proof we must consider what happens when |S;| > |S;|. This situation
can be treated as the previous one. First, we can see that Wi + 1.n — 1] # e.
Consequently there exist words P,y and S;y1 such that S; = S;/Piq, f(W]i+1]) =
Pis1Si+1, and

Sivif(W[i+2.n —1])P, = f(W]2..i — 1]) P,
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Thus, there is an integer j between 1 and p such that (P, Siv1, Wi + 1]) =
(d;Bc;B0c, ¢jady, dj) or (Piy, Spvr, Wi + 1)) = (¢jdj—1, djfBc;BBc;, ¢;). Simi-

larly to the cases for (Ps,Sa, W2]), we can show these two cases are impossible. [

LEMMA 3.6. Let p > 1 be an integer, let > be an alphabet containing at least
2p+1 letters, and let A be an alphabet such that |X| < |A]. Given any distinct letters
ClyeeyCpody, ..., dp, B € 2, given x € {c1,...,¢,}, and y € {dy,...,d,} the word
xey - cpfdy - - - dpy must be a factor of any test-set for overlap-freeness of morphisms

from ¥* to A*.

The proof of Lemma 3.6 is similar to that of Lemma 3.5 considering the same

morphism but excluding the definition of f(7).

LEMMA 3.7. Let p > 1 be an integer, let X be an alphabet containing at least
2p + 1 letters, and let A be an alphabet with |X| < |A|. Given any distinct letters
Cly- oy Cpydi, ... dp,y €2, the word ey - - - cpdy - - - dpyy must be a factor of any test-

set for overlap-freeness of morphisms from ¥* to A*.

Proor. Without loss of generality we assume that ¥ C A. Suppose that we
have p, ¥, c1,...,¢p,d1,...,dy, v as in the hypothesis of Lemma 3.7. In what follows

cop = dpy1 = 7. We consider the morphism f : ¥* — A* defined as
fle) =cid; digq1 dig1 d; dipq ¢; forall 1 <i <p,
f(dz) = dz Ci—1 C; dz di+1 di+1 dz for all 1 S 1 S D,
f) =7 dicydidy,
fla)=acicadicacra forallae X\ {cy,...,cpdy,...,dp, 7}
We can observe that dyyf(ci---¢y)dy = f(dy---dp)yeyds.
The end of the proof of Lemma 3.7 can be done similarly to the proof of Lemma

3.5, proving that this morphism verifies for any overlap-free word W € ¥* that f(V)

contains an overlap if and only if W contains e, - - - ¢cpd; - - - dpy as a factor. U
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3.2. MAIN THEOREM OF RICHOMME AND WLAZINSKI

THEOREM 3.8. Given alphabets ¥ and A with 3 < |E| < |A|, the set T(X) is a

test-set for overlap-freeness of uniform morphisms from 3* to A*.

PROOF. Let f be a L-uniform morphism for an integer L > 0. All words in 7'(¥)
are overlap-free. Thus if f is overlap free, then f(7'(X)) is overlap-free. (Note the
definition of T'(X) is in equation (5)).

Now assume that f is not overlap-free. In particular assume f # ¢, that is, L # 0.
Because f is uniform it is clearly non-erasing. We now want to show that f(7'(X)) is
not overlap-free. If two of the image words in f begin or end with the same letter,
then there exist two letters = and y such that f(zxy) or f(zyy) contains an overlap.
The set f(T'(X)) is not overlap-free because Lemma 3.3 tells us that zzy and zyy are
in Fact(7T'(X)).

From now on we will assume that all of the image words in f begin with different
distinct letters and end with different distinct letters.

Let W be one of the shortest overlap-free words over ¥ such that f(W) is not
overlap-free. Let a be a letter, and let P, V, S be words such that f(W) = PaVaVaS.
By our hypotheses on W, we have |f(W[1])| > |Pal|, and setting n = |W/|, | f(W]n]) >
lasS]|.

By Lemma 3.3, we can assume that n > 4.

Let ¢ be the smallest integer such that |PaVa| < f(W][1..7])|. We have |f(W[i +
1.n])] < |VaS|, and so |f(W]i + 1.n — 1])| < |V| < |f([1..q])|. Since f is uniform,
and since n > 4, i # 1. By definition of i, we also have |PaVa| > |f(W]l..i — 1])],
and so [VaS| < |f(WT[i..n])|. Tt follows that |f(W[2..i — 1]))| < |aV| < |f(W[i..n])].
Thus, since n > 4, 1 # n.

Let S;, P;, Si, P, be the words such that f(W]l]) = PaS;, f(W[i]) = PaS;,
f(W[n]) = P,aS, and

V=S f(W2.i—1)B = S;f(W[i + 1.n — 1)) P,. 9)
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Since f is L-uniform, and since both |P;| < L and |P,| < L, we have Sy = S; if
and only if P, = P,. In this case, by Lemma 3.2, with W, = W[1], Wy, = W/[2..i],
Wy =Wli+1.n], Vo = P, Vs = Sy, Vo = f(W[2..i = 1])P, = f(W[i + 1..n — 1]) Py,
and V3 = S, we get that W is not overlap-free, a contradiction.

Thus |S1| # |Si| and |P;| # |P,|.- Let j,k be two different integers such that
1 <j<k<nand W[j| = W[k]. We will prove:

Claim. One of the three following assertions is verified:

(1) j=1,1< k <4, and |Si| < |Si,
(2) i<j<mn,k=n,and |P,| <|P],
(3) j=1and k = n.

Proof. By contradiction, we successively exclude the other cases.

Case 1. We cannot have 1 < j < k <i,or 1 =j <k <i with |S1] > [S;].

Assume for a contradiction that 1 < j < k <4, or 1 =7 < k < i with |S;| < |S;].

Let £ > i be the greatest integer so that a.S; f (W [i+1..4]) is a prefix of aS; f(W]2..7])
(note that if j = 1, then ¢ = 7). Since f is uniform, ¢ 4+ k — j is the greatest integer
such that aS;f(W[i + 1.0+ k — j]) is a prefix of aS; f(W]2..k]). Let Y be the word
such that

aSy f(W[2..4]) = aS; f(W][i + 1..4])Y. (10)

Since 0 < ||S1] — |S;|| < L, the word Y is non-empty, and |Y| < |f(W]j])|. Since f is

uniform, and since W[j] = W[k], we also have
aS1f(W(2.k]) = aS; f(W[i + 1.4+ k — j])Y. (11)

From the above, we have the following deductions.
(i) W[l] = W[l + k — j]. From the two previous equations, we get that the last
letter of f(W[I]) is also the last letter of f(W [l + k — j]). In fact, it is the (L —|Y])™®
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letter of f(WW]j]). Because the image words of f do not begin or end with the same
letters, we see that W[{] = W[l + k — j].

(ii) W[j — 1] = Wk — 1]. Note that we must have j > 1. Now let X be the word
such that f(W[j]) = XY. From equation (10), X is a suffix of f(W[/]) (even if £ = 7).
Since | X| = L — |Y| < L, there exists a letter b such that X is a suffix of f(W[(]).
From equations (10) and (11), this letter is also the last letter of f(W{[j — 1]) (more
precisely of S if j = 2) and of f(W [k — 1]). Because the image words of f do not
begin or end with the same letter, we see that W[j — 1] = W[k — 1].

(iii) W[l+1] = W[l+k—j+1]. From equations (9), (10), and (11), we see that Y is
the first letter of f(W[¢+1]) and of f(W [¢+k—j+1]). Thus, W[{+1] = W[l+k—j+1].
(Note that in the case with k = ¢ and |P,| < | P;|, we can still define {({+k—j =n—1)
and the previous techniques can be applied to prove that W[l + 1] = W(n]).

(iv) W[j+1] = W[k+1]. Let 7 be the letter such that vY is a prefix of f(W[l+1]).
It is also the first letter of f(W[i]) and of f(Wk + 1]). Thus, W[j + 1] = W[k + 1].

By induction, we get W[j'| = W[y’ + k — j], for all j/ such that, 1 < j' <
j'+k—7j <1, and for all ' such that, i < j' < j’+k—7 < n. Recall that P is a prefix
of f(W[1]) = f(W[1 + k — j]), and P; is a prefix of f(W[i]) = f(W]i + k — j]). We
now have that |S; P| = |S;P;| = L — 1. Thus from equation (9), because f is uniform,
we get S f(W[2.k —j])P = S;f(W[i+ 1..i+k — j — 1]P,. It follows that

aS1f(Wlk—j+2.i—1)P+ia=aS;f(W[i+k—j+1l.n—1])P,a. (12)

Let X = W[1I|W[k—j+2..i—1JW[i]W[i+k—j+1..n]. From equation (12), f(X) is
not overlap-free. We have also proved that W[1] = W[l+k—j] and W[i+k—j+1..n] =
Wi+ 1l.n—k+j]. Thus X = W[l +k — j.n — k + j] is a factor of W, and so it
is overlap-free. Finally, since k — j > 1, |X| < |W/|. This contradicts the assumption
that W is one of the shortest overlap-free words such that f(W) not overlap-free.

Similarly (as it is the same logic), we can prove case 2 below.

Case 2. We cannot have i < j <k <mn, ori < j <k =n with |B,| > ||
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Case 3. We cannot have 1 < j < k = 1.

Otherwise let b be the last letter of a.S;. Since W[i] = Wk] = W{j], it is the last
letter of aS;f(W][2..7]). We first consider the case |aS;f(W][2..5])] > |aS;|. Let M
be the word such that aS; f(W/[2..5]) = aS;Mb. From equation (9), the word Mb is
a prefix of f(W[i + 1..n]). Let m < n be the least integer such that Mb is a prefix
of f(W[i+ 1..m]). If |aSi| < |aSi|, let X = W[L..j]W][i + 1.m]. If |aS;| < |aS;],
let X = WI2..j]W[i+ 1..m]. Since j < i, we have |X| < |W|. Moreover, the word
f(X) contains the overlap bVbVb. From Case 1, each letter occurring in W/[2..5], or
in W/[1..j] only occurs once as long as |aS;| > |aS;|. From Case 2 (not that since
j < i, by the definition of m, in this case m = n, we have |P,| > |P;|), each letter
occurring in Wi + 1..m| occurs only once. Thus, X is overlap-free. This contradicts
the hypothesis “W is one of the shortest overlap-free words such that f(1) is not
overlap-free.”

The same contradiction arises when j =1 and |aS;| < |aS;|, since in this case we
can show as previously that f(W[1]WW[2]) is not overlap-free.

Similarly we can prove the three following cases.

Case 4. We cannot have i = j < k < n (in the proof, take b as the first letter of
Pa).

Moreover with the same techniques as in Cases 3 and 4, we can prove the following
cases.

Case 5. We cannot have 1 < j < i and k = n (in the proof, take b as the first
letter of f(W[i])).

Case 6. We cannot have j = 1 and i < k < n (in the proof, take b as the last
letter of f(W[k])).

Case 7. We cannot have 1 < j <1 < k < n.

Since | 51| # |S;| and since f is uniform we have |Sy f(W[2..5])| # |Sp(Wi+1..k])]|.
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We consider the case |S1f(W2..5])| < [Sf(W[i+ 1..k])| (as the logic in the case
with [S1 f(W2..5])] > |Sf(Wi + 1..k])| is virtually identical). Let b be the first let-
ter of f(W[j]) = f(WIk]). From equation (9), there exists a word M such that
Sif(Wli+1..k—1]) = S f(W]2..5 —1])bM. The word bM is a suffix of f(W[i..k — 1],
and the word bMb is a prefix of the word f(W[j..i]). From Case 3, each letter occur-
ring in W{j..7] occurs only once. From Case 4, each letter occurring in W{i..k — 1]
occurs only once. Thus the word X = W{i..k — 1]W[j..i] is overlap- free. Moreover
| X| < |W/| and f(W) contains the overlap bMbMb. This once again contradicts the

“shortest” hypothesis on W. This concludes the argument for the claim.

We now end the proof of Theorem 3.8.

If |Si| > |Si| and |P,| > |P|, or if |S1| < |S;| and |P,| < |P;|, since f is uniform,
from equation (9) we deduce that [W[2..i—1]| = |[W[i+1..n—1]|. Let Wy = W[2..i—1],
Wy =Wl[i+ 1l.n—1], x = W[1], y = W[i], z = W|n]. Since n > 4, |W;| = |W,| > 1.
By the Claim, Va € ¥ [WiyWal, < 1, [Wi]. = 0 = [Wale, y # = and y # 2. Thus we
have W = aWiyWsz € Th(X).

If |S1] > || and |P,| > |P;|, we have |W[2..i — 1]| = [W[i+ 1.n — 1]| + 1. Let
Wy =WI[2.i—1], Wo =Wl[i+1.n—1], z = W[1], y = W[i], and z = W([n]. From
the Claim we have that |Wi|, = 0 = |Ws|,, Va € X |[WiyWs|, <1,y # x and y # z.
Moreover, |Ws|, = 0 from assertion 2 in the Claim. If z = 2, then W € T1(%).
Otherwise = # z and we have Wy € T5(X).

The case |S1] > |S;| and |P,| < P;| can be treated the same way and we are

done. O

COROLLARY 3.9. Given alphabets ¥ and A with 3 < |X| < |Al, a set T of non-
overlap-free words over ¥ is a test-set for overlap-freeness of uniform morphisms from

¥* to A* if and only if T(X) C Fact(T).
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PROOF. Let ¥ and A be alphabets such that 3 < |X| < |A|. Let T be a set of
overlap- free words over .

IfT(X) C Fact(T'), then by Theorem 3.8, the set T is a test-set for overlap-freeness
of uniform morphisms from >* to A*.

Conversely assume that T is a test-set for overlap-freeness of uniform morphisms
from ¥* to A*. We must prove that 71(3) C Fact(T') and T5(X) C Fact(T).

Let aWyz € T(X) with x € ¥ and W, € £*. Since for a € 3, |2Wy|, < 1,
|Z| > |aWy. If |W, is even, let p = |[Wy|/2. We have that |X| > 2p + 1. There exist
2p distinct letters ¢y, ..., ¢p,d1,...,d, such that W =¢; ---c,d; - - - dp,. Taking z =7,
Lemma 3.7 implies that Wz belongs to Fact(T'). If |IWy| is odd, we obtain the same
conclusion using Lemma 3.5 if |[Wy| > 3, and if |Wy| = 1, we use Lemma 3.4.

Let xWiyWaz € To(X) with x,y, z € ¥ and Wy, Wy € X*. let p = |W;| = |W,| > 1.
Since for a € X, |[WiyWs| < 1, there exist 2p distinct letters c1, ..., ¢, di, ..., d, s0
that Wy =¢;---¢, and Wy = dy ---d, where y ¢ {c1,...,¢,,d1,...,d,}. Note that
from |yWs|, = 0 = [Wiyl., o ¢ {d1....dy,y}, and z ¢ {c1,...,¢y}. Iz €
{c1,...,¢,} and z € {dy,....d,}, then by Lemma 3.6, xc; - - - ¢yd; - - - dpz € Fact(T).
If v € {c1,...,¢,} and z ¢ {dy,...,dp}, then |¥| > 2p + 2. By taking v = z,
we get Lemma 3.5 showing that xc; - --c,ydy - - - dyz € Fact(T). Similarly the same
conclusion holds if z ¢ {c1,...,¢,} and z € {dy, ..., d,}. Finally, we consider the case
¢ {cr,....,cp} and z ¢ {dy,...,dy}. If x = z, then aWyWsz € T1(X) C Fact(T).
If © # z, then 2WyyWsza € T1(3) C Fact(T'). Thus we are done. O
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CHAPTER 4

THE LATIN SQUARE MORPHISM

4.1. LATIN SQUARES

Now that we have a classification for overlap-free morphisms, we want to explore
some specific morphisms that are overlap-free. So we discuss the concept of a Latin
square. In (Tompkins, 2007), an infinite overlap-free word was introduced using the

concept of Latin squares. We now want to focus on the morphisms created from that

paper.

DEFINITION 4.1. A Latin square is an n X n table filled with n different symbols

such that each symbol appears only once in each column and only once in each row.

As with words, we will use the natural numbers {0,1,...,n — 1} for our symbols
to fill each Latin square. Furthermore, we will call a Latin square reduced if the first
T

column is [0 1 --- n—1]". Notice that the only reduced Latin square on two letters

is the Latin square

0 1

1 0]’
which represents two things. It first represents the multiplication table (i.e. Cayley
table) for Z/27Z, and also the rows represent the image words of the Thue-Morse
morphism.

It is clear that any finite group can be represented as a latin square. For instance

the Latin square representing the Klien-4 group follows as
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w N = O
N WO~
—_— O W N
O = N W

Not only can we represent the multiplication tables for groups with latin squares,
but we can even represent the multiplication tables for quasigroups using latin squares.
We note that quasigroups (groups without association) are algebraic structures with
a closed multiplication that is not necessarily associative. For example the following

latin square represents the multiplication of an algebraic structure that is not a group.

0 1 2 3 4 57
1 05 2 3 4
234150
3405 1 2
4 530 21

5 2 1 4 0 3]

4.2. THE LATIN SQUARE MORPHISM AND TILINGS

4.2.1. Latin Squares. Using latin squares we wish to produce an overlap-free

morphism. So we consider the following definition.

DEFINITION 4.2. Let £ be a reduced n x n latin square, and let L; be the i-th

row of £. We call the morphism given by

the latin square morphism, where 7 € %J,,.

We begin by noticing that the Thue-Morse morphism is a latin-square morphism

14
0 — 01
1 — 10
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Further we could use the latin square for the cyclic group Z/37Z,

N = O
N =
— O N

The corresponding morphism for this latin square appears as

012, fort =0
0(t) =<¢120, fort=1
201, fort=2.

Two examples of the latin square morphism are the Frid symmetric morphism (Frid,

2001) which essentially produce the Prouhet words (Séébold, 2002).

4.2.2. Tilings. For the ease of discussing images of morphisms, we will discuss
the notion of tiling by the image words of the morphism. So considering the morphism

from the latin square for Z/3Z and the word W = 012120, we see that
¢(W) =1012|120]201|120|201]012],

which is tiled by the image words 012, 120, and 201.

For nonuniform morphisms, the notion of tiling offers more challenges due to
irregularly placed edges of tiles. Thus the following argument for the overlap-freeness
of the latin square morphism would seem to be made much more difficult if applied

to nonuniform morphisms.

4.3. MAIN THEOREM FOR LATIN SQUARE MORPHISMS

THEOREM 4.3. Let { be a latin square morphism. A word W € ¥ is overlap-free

if and only if (W) is overlap free. That is, ¢ is an overlap-free morphism.

Proor. We will prove both sections of the argument by contrapositive. Further

we begin with the <= portion of the argument due to it being easier.
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4.3.1. The < portion of the argument. Assume that the word W has an

overlap which we can write as
W = AcXcXcB,

where A is the initial segment of W, ¢ is a single letter, X is a possibly empty word,

and B is the final segment of W. Now we notice that
W) =Ll(AcXcXeB) = L(A)(c)l(X)l(c)t(X)l(c)l(B).

Now we set £(c) = dC where d is a single letter and C' is the final segment of ¢’s image

word under ¢. Then we see that ¢(W) contains the overlap dC¢(X)dC¢(X)d.

4.3.2. The = portion of the argument. Conversely we assume that for some
word W e ¥ ¢(W) contains an overlap. We want to show that W must also contain
an overlap. Write ¢(W) = AcXcXcB, where ¢ is a single term, X is a finite string
with |cX]| > n, A is a finite string, and B is the finite tail of our word ¢(W). Notice
that |¢X| > n (bound by the length of the tiles) because each tile is a permutation
of 0,1,...,n — 1, and we cannot have two of the three copies of ¢ contained in one
tile. Our subscripts place this overlap in our sequence. For i € {0, 1,2}, let j; denote

the subscript of the (i + 1) ¢. Thus,

A=ty tj_
c=tj, =tj =1t
X =tjoqr- - tj—1 = tjipr - i (13)

B =1tj,11tj,42tj43 jork,

Our argument proceeds as follows: there are two cases [cX| # 0 (mod n) and
lcX| =0 (mod n). In the first case we use the fact that we have a tiling of ¢(1W) by
the rows of a Latin square, to show that the overlap c¢XcXc is not possible. In the
second case, when |[cX| = 0 (mod n), we will see that W must contain an overlap

proving the contrapositive.
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4.3.3. Case 1: |[cX| # 0 (mod n)

For each i € {0,1,2}, let r; € {0,1,...,n—1} such that 7, = j; (mod n). In other
words ¢, is the 7, term in its tile in £(W). Also, we will refer to the tile containing
tj, as Tp,,. It is now possible to write the length of ¢X as [cX| =1 —1rg =ro — 1
(mod n). So,

rg =2r; —ro (mod n). (14)

4.3.3.1. Siz Cases. Since r; — 19 = |cX| # 0 (mod n) there are two main cases
that we will first consider: ry < r; and r; < ro. However, for the explicit details of

our conclusions we will consider all six possibilities depending on the value of 7y,

(7"0<T'1<7”2
Teg =211 — g +— or
\T‘2<T’1<T0
(7'0§7“2<7"1
ro =2r1 —rg —n or
\T2<T’0<7’1

p
r<rog < Ty
rg =2r1 —rg+n or

\T1<T2<7”0

The equalities on the left arise out of equation (14), and the fact that the integer
2r1 — rg satisfies, —n < 2r; — rg < 2n. This means that r, is the element in the set
{2ry — 1o+ n,2r; — rg,2r; — ro — n} that lies in the interval 0 < ro < n. Notice that
ro = 2r1 — 1o in both cases when ry < r; and r; < 1.

4.3.3.2. G and the beginning of each cX. When ry < ry, pick G C X to be the
set of the last r; — 1o letters in T, such that G has no specific order and G # (). Of
course, the remainder of the letters in T, are in G, the complement of G. Notice
that this puts ¢ = t;, € G. By equating the letters in 7,,, with the corresponding
letters in t;,xt;,, we find that the last n —r; + 1 letters of T,,,, (starting with ¢ =¢;,)

are in G. Also, we find that the first 7, — r( letters of T, +1 are G.
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When r; < rg, pick G C ¥ to be set of the the last ro — r; letters in 7;,, such
that G has no specific order and G # ). Obviously, the remainder of letters in 7T,
must be those that make up G again placing ¢ = tj, € G. By equating the letters in
T,,, with the corresponding letters in t;, Xt;, we find that the last n — 7y + 1 letters
of Ty, (starting with ¢ = ¢;,) are in G. Also, we find that the first ry — 7 letters of
Ting+1 are G.

We have discussed the appearance of G and its complement G in the beginning
of each ¢X. So, we set forth to describe G and G at the end of each ¢XS.

4.3.3.3. Following G through the overlap. 1t is a basic observation that because
each tile is a permutation of the elements in X, each tile can be partitioned into G and
its complement G. It is fundamental to our argument that because of the equality
tj, Xt;, = cXc=t; Xtj,, the elements of G form a contiguous collection of elements
in each tile involved in our overlap excluding 7;,,,, either the beginning or the ending
of each tile. The idea involved in following G through the overlap is quite simple, we
illustrate it in one particular case ro < ry < 9.

We have explicitly described the location of G at the beginning of each cX. We
will now use our example 1y < r; < ro to show to the reader how the tiling of our
sequence can be used to find the location of G at the end of each ¢X. In doing so,
we will refer to Figure 4.1.

In Figure 4.1, we have displaced the overlap from our sequence (represented by
the continuous solid horizontal line). We have also split our overlap in half leaving
Ty, intact for equality purposes. We have placed ¢, Xt;, over t; Xt;, with ¢;, directly
over t;, and t;, directly over ¢;, so that we can see equality of letters simply by looking
straight up or straight down (displayed by vertical arrows). The set of letters G is
represented by a black shaded region on our sequence line, and the set of terms G
is represented by a garnet shaded portion of the sequence line. Also, notice that we

have drawn in the edges of the tiles with smaller vertical black lines.
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FIGURE 4.1. The situation when rq < ry < rs.

Now notice that by using the tiles we can equate letters in t;) Xt;, with t; Xt;, all
the way through the overlap. Since we know that GG occurs in the first r; — r( letters
of Ty, 41, then G is the last n — (r; — 7o) letters of T},, 1. This causes G to be the
first n — (r; — 1o) letters of T,,,,41, and thus G appears in the last r; — 7o letters of
Tng+1- Thus we can conclude that G occurs in the last r; —rg letters of all the tiles in
tj, X, except for T, . We can also conclude that G occurs in the first r; —r( letters
of all the tiles in ¢;, Xt;, up through 7,,,_1. We can approach every case by the same
process.

4.3.3.4. G and how each c¢X ends. Now, we will explain the conclusions for the
six possible cases that we defined earlier, leaving the actual drawing to the reader.

Case ry < r; <7y (as seen in Figure 4.1). After we follow G through the overlap,
we find that G occurs in the first 7, — rg letters of 7;,,,. Recall 7o = 2r; — ry. So we
have that the next ry — (r; — ro) = r1 letters of T}, are not in GG. Notice that the
size of GG, r1 — rg, added to r; make up all of r5. This places the boundary between
T, -1 and T,,, exactly in line with the end of G in T},, and the beginning of G. We
then equate the first letters in 7,,,, with those in 7},,, to find that G occurs nowhere in
T, - So now, we have described 75, fully. Earlier we defined G such that G occurred
from ¢;, to the end of the tile, and we have just shown that the first r; letters of T,
(which includes ¢; must be in G. So G does not appear in anywhere in Tj,,, and
since G # (), we must have a contradiction.

Cases 1o < 19 < 11 and 1y < rg < 1r1. After we follow GG through the overlap,

we find that G occurs in the first ry — ry letters of 7,,,-1. So, G occurs in the final
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n — (ry —ro) letters of T,,_; causing the first n — (r; — rq) letters of T},, to be G.
Notice that 7, = [n — (11 — 79)] + 2. So the boundary between G and G in T,
coincides with the boundary between T,,,,_; and 7,,,. This means that t;, € G, but
we assumed that ¢ ¢ G earlier which is a contradiction.

Case 19 < 11 < 19. After we follow G through the overlap, we find that G occurs
in the last 7o — ry letters of T},,_1. This causes GG to occur in the first o — r; letters
of T,,,, by equality of ¢;, Xt; and t;, Xt,,. To describe the remaining letters of 7}, up
to and including ¢, consider r; — (rg — 1) = r2. So G occurs in the next ry letters
after G. Thus we have that G is repeated twice in 7,,, so we have our contradiction.

Cases 1 < 1rg <19 and r; < ry < rg. After we follow G through the overlap we
find that G occurs in the first ro — ry letters of 7,,,_1. This causes G to occur in the
final n — (rg —ry) letters of T},, _1 and thus the first n — (rq —r1) letters of T,,,. Since
r1 =19 — [n— (rg —11)], we see that the left boundary of T,,, coincides with the right
boundary of these first n — (rg — ry) letters of T,,,,. In particular, this means that the
last ro — 7 letters of T,,,, which include ¢, are in G. But, this contradicts the fact

that ¢ ¢ G.

4.3.4. Case 2: [cX|=0 (mod n)

We begin by considering some © € S,, the symmetric group on n terms. Note
that we can apply 7 to any string by requiring 7 to act on each individual term, so
m(tite.. . ts) = w(ty)w(tz) ... m(ts). Thus m can be treated as a morphism. Moreover,
m X% — ¥* is an invertible map because m € S,,. Thus w € ¥* contains an overlap
if and only if 7(w) € ¥* contains an overlap.

Define the function d(4n) : N — N by d(, ) (m) = (m — 1)n + a. Now if we let
M = (t,) be a sequence, then define the sequence given by the function D,y (M) to

be the subsequence (¢4, (s)) of M. So for i € {1,2,...,n} arbitrary we have that

D(i,n) (tth .. .ts) = titi—l—nti—i—Qn e
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Define ; : ¥ — ¥ with m; € S, such that if £, = {t1,t2,...,t;,... L}, mi(t1) =
ti. Recall that £, refers to the t"" row of our Latin square £. So we have that
7; maps each term in the first column of our Latin square, to the i*" entry of its
corresponding row. Now, we want to show that m;(U) = D »)(¢(U)) for all U € X*.

So, let U =tq...t,,_1, and take

) (E(to)l(t)l(t2) - tin1)
(to)mi(t)mi(te) - - - mi(tm—1)

Since m; € S, is invertible we can conclude that Dy; ,)(¢(W)) contains an overlap if
and only if /(W) contains an overlap.

Since [cX| =0 (mod n) pick i = jo = j1 = j2 (mod n), by applying D; ») to (14)
we obtain

Diiny(((W)) = Ai tj, Xity, Xity, B

where

A;i = D ny(A) = titipntizon - - -,
Xi = D(in)(X) = tigantjston - - - Ligt (m—1)n

- tj1+ntj1+2n e tj1+(m71)n7
Bi - D(z,n)(B) - tj2+ntj2+2ntj2+3n FEREN

Observe that Dy; ,)(¢(W)) contains an overlap. Thus we see that IV must also contain

an overlap because W is a permutation of D; »)(¢(W)). So we are done. O

4.4. PROUHET WORDS AND THE FRID SYMMETRIC MORPHISM

We begin by noting that both the Prouhet words and the Frid symmetric mor-

phism are instances of the Latin square morphism.
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4.4.1. Prouhet Words. As seen in Séébold’s paper on overlap-free morphisms
(Séébold, 2002) and originally in (Prouhet, 1851), we begin by taking a circle and

putting around it the letters 0,1,...,n — 1 in this order To obtain the Prouhet word

FIGURE 4.2. The Prouhet word setup for n letters.

P,,, start from the letter 0 and turn all around the circle, always in the same direction,
in writing the letters as and when encountered. At each round (when n letters have
been written) skip one letter; all n rounds skip one more letter; all n? rounds skip
one more letter; and so on infinitely many times.

For example the Prouhet word on four letters P, is produced by taking the fol-

lowing circle

2

FIGURE 4.3. The Prouhet word setup for 4 letters.

During the first round of the circle we write 0123 and then skip 0. Next round we

have skipped zero so we start with 1 and write 1230. So thus far the word is
0123 1230.
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For the third round we skip 1 and begin with 2 writing 2301, and the fourth round

we skip 2 and begin with 3 writing 3012. So now the beginning of the word is

0123 1230 2301 3012.

After proceeding with this infinitely we see that the beginning of Py is

P, = 0123 1230 2301 3012 1230 2301 3012 0123 2301 3012. ..

It is interesting to note that the Frid symmetric morphism ¢,(t) for n = 4,
produces this exact same word after countably infinite iterations. Further we notice

that ¢, (t) is a Latin square morphism.

4.4.2. The Frid Symmetric Morphism.

DEFINITION 4.4. Let ¢ € 3, the Frid symmetric morphism is defined by

i+ (n—1),

S
3
—~
=
I
.
+
]
-~
+
—_

where i is the residue modulo n (Frid, 2001).

Notice that ¢o(i) is the standard definition of the Thue-Morse morphism, and

further consider ¢4(7), which is given by

0123, fori=20
, 1230, fori=1
91000 =0 2301, fori =2
3012, for ¢ = 3.
It is clear that

Further it is clear that the Frid symmetric morphism is a Latin square morphism.
Thus all of the Prouhet words can be derived by infinite iteration of Latin square mor-

phisms. Namely those Latin square morphisms using the addition table for Z/nZ.
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CHAPTER 5
THE POOH MORPHISM

In a vain attempt to classify all of the overlap-free morphisms using the latin square
morphism (Tompkins, 2007), we stumbled across the Leech square-free morphism in

(Allouche and Shallit, 2003). The following is the Leech square-free morphism

h
0 ~ 0121021201210
1 — 1202102012021
2 +— 2010210120102,

which originally appeared in (Leech, 1957). Noticing that this morphism was overlap-
free put a hole in our attempt to classify all of the overlap-free morphisms using Latin
square morphisms. But on the other hand, we now could potentially find another
class of overlap-free morphisms that could be explained in a better manner than with
test-sets as in (Richomme and Wlazinski, 2004).

Using the test-set result in Chapter 3, we found the following overlap-free mor-

phisms on four letters

f
0 — 01231230103213210
1+~ 12302301210320321
2 +— 23013012321031032
3 — 30120123032102103,
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and

9
0 ~ 012301221211203210
1~ 123013003033010321
2 — 230120123310221032
3 ~— 301230110100132103.

The morphism g raised a considerable number of questions as to why it was overlap-
free. It seemed to avoid a considerable number of the techniques used in the proof For
the Latin square morphisms. So the natural question was: what does the morphism
g have in common with the Leech square-free morphism that causes its overlap-

freeness.

5.1. THE PooH OVERLAP-FREE MORPHISM
The overlap-free morphisms displayed are tied together with the following defini-

tion.

DEFINITION 5.1. Let h : ¥* — A* be an n-uniform morphism. We call h a Pooh

overlap-free morphism if it satisfies the following properties:

(i) h(W) is overlap-free for all overlap-free words W € ¥* with |W| = 3.
(ii) For a,b € X, and for all V' € ¥* such that |V| < |n/2],

h(a) =SV and h(b) =VU

if and only if S is not a suffix of any image word of A and U is not a prefix

of any image word of h.

We now prove a lemma that captures the combinatorial properties in the first

portion of Definition 5.1.
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LEMMA 5.2. Let ¥ be an alphabet with more than one letter. Let h : ¥* — A* be
a morphism such that h(W) is overlap-free for all overlap-free W € ¥* with |W| = 3.

We then have the following properties:

(i) h(a) is overlap-free for all a € X.
(i1) h(a)h(b) is overlap-free for all a,b € ¥.
(iii) h(a) and h(b) do not begin or end with the same letter, whenever a,b € X

and a # b.

PROOF. (i) Let us first state that the result does not apply when |¥| = 1 because
there are no overlap-free word of length three for this alphabet. For |¥| > 1 this
result is clear because if we assume for a contradiction that h(a) contained an overlap
for any a € 3, then h(bab), with b # a, would contain an overlap which contradicts
our assumption.

(ii) Similar to (i), if we assume that h(a)h(b) = h(ab) contained an overlap, then
h(aba) would contain an overlap. Again this contradicts our assumption. We also
must show that h(aa) does not contain an overlap. Assume for a contradiction that
it does, and we quickly obtain our contradiction by observing that then h(aab) must
contain an overlap.

(iii) Assume that for some a,b € 3, h(a) and h(b) begin with the same letter.
Then, h(aab) would contain an overlap, which contradicts our assumption. The

argument for h(b) and h(b) ending with different letters is similar. O
THEOREM 5.3. All Pooh overlap-free morphisms are overlap-free.

PrROOF. We begin by assuming that h is a Pooh morphism with |h(a)| = n for all
a € 3. We must show that for all W € ¥* W is overlap-free if and only if A(W) is

overlap-free. We will begin with the easy direction first.
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5.1.1. The < direction. Assume that W = AcXcXc¢B, so that we can argue

by contrapositive that (W) must also contain an overlap. Notice that

Set h(c) = dY where d € ¥ and Y € ¥*, then h(W) = h(A)dY h(X)dY h(xz)dY h(B).
So then (W) contains the overlap dY h(X)dY h(X)d, and we are done with the first

portion of our argument.

5.1.2. The = direction. Conversely we will argue by contrapositive. We will
assume that h(WW') contains an overlap and show that 1 must also contain an overlap.

So assume that for some W € >* we have
h(W) = ACjOXCj1XCj2B7

where ¢ = ¢j, = ¢;, = ¢j,. We use the 0, 1 and 2 to denote which ¢ we will refer to.
Further, the index j; will refer to which letter in the word h(WW') we are referring to,
noting that we are indexing beginning with 0.

We will proceed with two separate arguments. The first argument will be that it
is not possible to write A(W) with |cX| # 0 (mod n). The second argument will be
that W must contain an overlap if |¢X| =0 (mod n).

5.1.2.1. The |cX| # 0 (mod n) case. Notice that we must have the overlap in
h(W) contained in h(Z) where |Z| > 3 is some subword of W. Otherwise we would
be breaking hypothesis (i) in the definition of Pooh morphisms.

We begin by setting

ri =7 (mod n),
where i € {0,1,2} and r; € {0,1,...,n—1}. We will argue first based on the number
of tiles that the overlap occurs in, and then by cases. When the overlap occurs over

four tiles (noting that occurring over three tiles contradicts the hypothesis), we will

observe four cases. The cases are
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ro < ro <1,
To < T <Tq,
ry <ro < 7To,

r <Te <Tp.

We note that the cases rq < r1 < ry and ry < r; < rq force the overlap to occur in
a number other than four tiles. When the overlap occurs in more than four tiles we
will more simply consider the two cases rqg < r; and r; < rg. Finally, we note the

following relationship between rq, 1, and r,.
rg =2r; —ro (mod n). (15)

Consider the notion of the tiling of a line segment. We will use this notion of tiling
in application to working with h(W). The tiles we speak of are the image words of
h. Note that all the image words must be of the same length n, this is crucial to our
argument. For ease we will use Ty, with ¢ € {0,1,2} to denote the tile containing c;,.
Note that s; is the number of the tile if we numbered them starting with the first tile
as Tj.

The overlap is contained in /4 tiles. Let us consider the case where there is some
subword of W, say Z, with |Z| = 4 and the overlap in h(W) is contained in h(Z). As
in the argument for a Latin square morphism to be overlap-free we will consider the
word h(Z) to be a line. We will draw in small vertical lines to signify the edges of the
tiles, and we will draw taller labeled vertical lines to signify the ¢’s in the overlap.

In Figure 5.1, we have taken ¢, X¢;, X¢;, and written it twice aligning ¢;, X¢;, in
the upper line with ¢; Xc¢j, in the lower line for the purpose of equating the terms
through the overlap. Figure 5.1 displays the case when 7y < rg < r1. We remark here
that the case when ro = rq < r; proceeds in the same manner.

Let V' to be the final r; — g letters in the tile T, as we have drawn in Figure 5.1.

Similarly we choose U to be the first 71 — 7y letters in T,. Now equation (15) gives
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Cio Cj Vv U Cj

FI1GURE 5.1. The short overlap with ry < rg < ry

that in the ry < ry < 7y situation we have that n — (r; — rg) = r; — ro. Clearly
then we must have |U| = r; —ry < [n/2] or |[V| =1 — 19 < |[n/2]. In the case
when |V| < |n/2] we cannot equate U with any prefix of a tile which leads to a
contradiction. In the other case when |U| < |n/2| we cannot equate V with any
suffix of a tile which leads to a contradiction. So this case is not possible.

We now consider the case where ry < r9 < r; as shown in Figure 5.2.

F1GURE 5.2. The short overlap with ro < ry < ry

In this case we choose V' to be the final r; — rq letters in T}, and we also pick U

50
to be the first r; — ry letters in Ty, as drawn in Figure 5.2. Again we notice that
n — (ry —ro) = r — re so either V< [n/2] or |U|] < [n/2], either of which is
impossible. So we cannot have this case occurring either.

We now consider the cases with vy < ry < rg and r; < rg < re. Figure 5.3 gives
the situation when r; < ry < 7 (note that the case when r; < ry = rg is similar, and

the same applies to the arguments above). Notice that in both of these cases we have

that n — (ro — 7)) =19 — 71.
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For the case depicted in Figure 5.3, ry < r9 < 1o, we assume that V' is the final
ro — 1 letters in T, and we also assume that U is the first 7o —ry letters in Ts,. Now
either |U| < [n/2] or |V| < |n/2]. In either case we have a contradiction.

Now we consider the case where r; < ry < ry, which is displayed in Figure 5.4.

In the case displayed here in Figure 5.4, we again assume that V' occurs in the
final o —r; letters of T, and we also assume that U occurs in the first ro —r; letters
of Ts,. We then have that either |V| < |n/2] or that |U| < |n/2]. Either case is
a contradiction. So we cannot have our overlap occurring in four tiles. Thus, we
consider the case when the overlap occurs in more than four tiles.

We also not that if we are in the case when the overlap occurs in five tiles, the
same arguments hold.

The overlap is contained in more than four tiles. We will look at the cases with
rg < rp and r < rg, and we will only look at the beginning of the overlap. So we
consider Figure 5.5 for the case when ro < ry.

We will consider the case with 1 —r¢g > [n/2], as we will cover the logic behind
the argument for r; — ry < |n/2] in Figure 5.6.

Let V' be the final r; — rg letters in T,

S0

then equating yields V' as the beginning
ro — 1 letters of Ty, 1. Since |V| > |n/2| we can equate the suffix of T, 44, call
it U (which is labeled with a dotted line in Figure 5.5), with Ty,11. So we have

T, +1 = VU. Similarly we can set S € A* such that 7,1 = US. Notice now that

FI1GURE 5.3. The short overlap with r < ry < g
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Cjy Vv U

FIGURE 5.5. The long overlap with ro < ry and r; —rg > |n/2]

|U| =n—(r1 —ro) < |n/2]. Thus S cannot begin any image word of h so the overlap
is impossible.
A note for the case when 7 —r9 < [n/2]. In this case |V| < |n/2] and we would

not be able to equate U.

FIGURE 5.6. The long overlap with r; < ry and ro —r; < [n/2]

Figure 5.6 gives the case when r; < ry with rg — 7 < [n/2]. In a similar manner
to the case where rq < r; we pick V to be the suffix of ro — r; letters in Ts,. Now

we can possibly find an image word 7,11 = VU for some U € A*. But because
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V| =19o—1r1 < |n/2], U cannot be the prefix of any image word, so this formulation
of the overlap is impossible.

So we see that in order for A(WW) to contain an overlap, it must be one so that
lcX| =0 (mod n).

5.1.2.2. The |cX]| =0 (mod n) case. From Lemma 5.2 we know that the begin-
ning letters and ending letter for each image word in h must be distinct. Further we
know that the suffix of 75, must be identical to the suffix of Ty, as ro = r;. This
implies that T, = T§,. Similarly Ty, = Ts,.

Pick d to be the letter such that h(d) = T, = Ty, = Ty, = T. Further because

h(W) = ACjOXCjIXCj2XB,
we can find subwords C, D, Y of W so that
h(W) = h(CdYdYdD) = AcXcXcB.

Now we must have that W = C'dYdY dD which contains an overlap. Thus we are

done.

5.2. THE POOH SQUARE-FREE MORPHISM

Similarly to the pooh overlap-free morphism we can define the pooh square-free

morphism in the following manner.

DEFINITION 5.4. Let h: ¥* — A* be an n-uniform morphism. We call A a Pooh

square-free morphism if it satisfies the following properties:

(i) h(W) is square-free for all square-free words W € ¥* with |[W| =3

(ii) h(a) and h(b) do not begin or end with the same letter for all a,b € X with
a #b.
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(ili) For a,b € ¥, and for all V' € ¥* such that |V| < |n/2],
h(a) =SV and h(b) =VU

if and only if S is not a suffix of any image word of A and U is not a prefix

of any image word of h.

Because we cannot consider words like aab to put into A, we must add property
(ii) in 5.4 so that we can use a similar preimage argument in the final portion of the

argument. Thus the Pooh square-free theorem follows.
THEOREM 5.5. All Pooh square-free morphisms are square-free.

PROOF. Assume that h is a Pooh square-free morphism such that |h(a)| = n for
all @ € ¥. We must show that for some W € ¥*, W is square-free if and only if h(1V)

is square-free. We will begin with the easy direction.

5.2.1. The < direction. We will proceed by contrapositive. So assume that

W = AXXB, where X € ¥t and A, B € ¥*. Write
h(W) = h(AXXB) = h(A)h(X)R(X)h(B),

which contains the square A(X)h(X). So we are done with this direction.

5.2.2. The = direction. Again we proceed by arguing the contrapositive. So
we assume that

h(W) = choniocledi1B7 (16)

where c =¢j, =¢;, €E,d=d;, =d;, € ¥ and A, X, B € ¥*. Note that we are using
¢;, and ¢;, so that we can mark the beginning of the square, and similarly for the d’s
and the end of the square.

There are two cases to consider here [cXd| #Z 0 (mod n) and |cXd| =0 (mod n).
We show that it is impossible for [cXd| # 0 (mod n) in an analogous manner as in

Theorem 5.3, as seen in section 5.1.2.1.
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So assume that [¢Xd| = 0 (mod n). From the definition of the pooh square-free
morphism we know that each image word for A must begin and end with distinct
letters. Further we know the suffix of the tile containing c;, must be identical to the
suffix of the tile containing ¢;,. Thus they are the same image word, call it h(z) for

some z € Y. So because

h(W) = AcXcXB,

we can find subwords C, D,Y of W such that
h(W) = h(CzY2Y D) = AcXcXB.

Thus we have that W = AzX2X B which contains a square, and we are done. U

5.3. EXAMPLES OF THE POOH MORPHISM

Theorem 5.3 gives us that any Pooh overlap-free morphism is overlap-free, but it
remains to be checked if in fact the Leech square-free morphism lies in the class of

Pooh overlap-free morphisms. Again we see that the Leech square-free morphism is

h
0 ~ 0121021201210
1 ~ 1202102012021
2 — 2010210120102.

Notice that each row is a permutation of the first row, so we need only check the first
image word to see if it satisfies the properties of Definition 5.1.

It is easy to check that h(1V) is overlap-free for all words W € 3% of length 3 which
is part (i) of the definition. Part (ii) of the definition is to check the suffix/prefix

condition on the image words. So we check
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01210212 0121 0
0121 0 21201210
0121021201210

to see if we can equate the end of the second or third line with any other image word.
What we have done here is set the first line h(0) = UV where V' = 01210 in the first
case and V' = 0 in the second. In either case we see that |V| < [13/2] = 6. Further
the suffix on the second line begins 212 which cannot begin any image word of h.
The suffix on the third line begins 121 which similarly cannot begin any image word.
We also notice that these are the only possibilities for finding a V' that is the suffix
of h(0) so that V' is also the prefix for any image word of h.

Another cited example at the beginning of the chapter is the morphism

f
0 — 01231230103213210
1~ 12302301210320321
2 +— 23013012321031032
3 — 30120123032102103.

Again we notice that we only need consider f(0) for our analysis. Again we can easily
check to see that f is overlap-free on the words of length three over ¥4. Now the only
way that we can equate the prefix of an image word to the suffix of f(0) by equating
the 0 at the end of f(0) to the 0 at the beginning of f(0). And the remainder of the
second f(0) begins 1231, which does not start of any other image words of f. So f is
a Pooh overlap-free morphism.

We note that the final example in the chapter the morphism ¢ from earlier can
also (and in the same fashion) be easily checked to see if it satisfies the properties of

Definition 5.1. Thus g is yet another example of an overlap-free morphism.
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